In their book Rapoport and Zink constructed rigid analytic period spaces F wa for Fontaine's filtered isocrystals and period morphisms from moduli spaces of p-divisible groups to some of these period spaces. They conjectured the existence of anétale bijective morphism F a → F wa of rigid analytic spaces and of interesting local systems of Q p -vector spaces on F a . For those period spaces possessing period morphisms de Jong pointed out that one may take F a as the image of the period morphism, viewed as a morphism of Berkovich spaces, and take the rational Tate module of the universal p-divisible group as the desired local system on F a . In this article we construct for Hodge-Tate weights 0 and 1 an intrinsic Berkovich open subspace of F wa through which the period morphism factors and which we conjecture to be the image of the period morphism. We present indications supporting our conjecture and we show that only in exceptional cases our open subspace equals all of F wa .
Introduction

Rapoport and Zink fix an F -isocrystal (D,
They show that the set of weakly admissible filtrations is a rigid analytic subspace (F wa b ) rig ofF, which is called the period space; see [28, Proposition 1.36] . They conjecture the existence of anétale morphism (F a b ) rig → (F wa b ) rig of rigid analytic spaces which is bijective on rigid analytic points, and of a local system of Q p -vector spaces on (F a b ) rig such that at every point µ of (F a b ) rig the fiber of the local system is the crystalline Galois representation corresponding by the Colmez-Fontaine Theorem [12] to the filtration on (D, ϕ D ) given by the image of µ in (F wa b ) rig . We recall the precise formulation of the conjecture and the definition of (F wa b ) rig in Section 1. De Jong [22] pointed out that to study local systems it is best to work in the category of Berkovich's K 0 -analytic spaces rather than rigid analytic spaces. For convenience of the reader we review Berkovich's definition and the relation with rigid analytic spaces in Appendix A. We show that in fact ( whose associated rigid analytic space (F a b ) rig is a candidate for the space searched for in Rapoport and Zink's conjecture. The construction ofF a b is as follows. With any analytic point µ ofF (these are the ones of which K 0 -analytic spaces consist; see Definition A.1) we associate in Section 4 a ϕ-module M µ over B † rig and we letF a b be the set of those µ for which M µ is isoclinic of slope zero. The ring B † rig is defined in Section 2 and the notion of ϕ-modules is recalled in Section 3. Our construction is inspired by Berger's [4] construction which associates with any rigid analytic point µ ∈F (the ones whose residue field H(µ) is finite over K 0 ) a (ϕ, Γ)-module over the Robba ring. Due to the restriction to rigid analytic points Berger's approach works even without the above assumption on the Hodge-Tate weights. However, the techniques we use in Section 5 where we prove thatF a b is an open K 0 -analytic subspace ofF require in an essential way to work with K 0 -analytic spaces, which are topological spaces in the classical sense, and not rigid analytic spaces. Namely we show that the complementF F a b is the image of a compact set under a continuous map (Theorem 5.2). It is worth noting that this crude map is in fact only continuous and not a morphism of K 0 -analytic or rigid analytic spaces. We also show that only in rare cases the inclusionF a b ⊂F wa b is an equality (Remark 5.5). The fact that this inclusion may be strict was noted in [28] and [22] as a peculiarity. We give a natural explanation for this phenomenon.
For Hodge-Tate weights 0 and 1 Rapoport and Zink also study a period morphism from the moduli space M an of p-divisible groups with additional structure toF wa b . The problem to determine the image of this period morphism was already mentioned by Grothendieck [19] . We prove in Section 6 that the period morphism factors through our setF a b . We conjecture thatF a b is its image and, moreover, that (F a b ) rig and the rational Tate module of the universal p-divisible group over M an are the space and the local system searched for in the conjecture of Rapoport and Zink. We present our motivation for this conjecture in Section 7. The fact that the inclusionF a b ⊂F wa b may be strict while it induces a bijection on rigid analytic points by the Colmez-Fontaine Theorem [12] again demonstrates the necessity to work with Berkovich's K 0 -analytic spaces instead of rigid analytic spaces.
To end this introduction let us mention that the ideas in this article are inspired by our analogous theory in equal characteristic [21] where we were able to prove the analogue of the Rapoport-Zink Conjecture and the surjectivity of the period morphism ontoF a b . In the beginning we had hoped to be able to extend our approach here also to Hodge-Tate weights other than 0 and 1, but we did not succeed. Not even the construction of the ϕ-module M µ over B † rig , let alone the openness result could be established along this line. The reason lies in the fact that for analytic points µ ∈F whose residue field H(µ) is not finite over K 0 the ring B † rig is not a H(µ)-algebra (like Fontaine's field B dR is not a C p -algebra). So Berger's construction could not be adapted.
The Conjecture of Rapoport and Zink
In this section we explain the construction of Rapoport and Zink's p-adic period spaces and their conjecture mentioned above. Let us first recall the definition of filtered isocrystals. We denote by F 
The filtered isocrystal D is called weakly admissible 1 
and
To construct period spaces let G be a reductive linear algebraic group over Q p . Fix a conjugacy class {µ} of cocharacters µ : G m → G defined over subfields of C p (the p-adic completion of an algebraic closure of K 0 ). Let E be the field of definition of the conjugacy class. It is a finite extension of Q p . Two cocharacters in this conjugacy class are called equivalent if they induce the same weight filtration on the category Rep Qp G of finite dimensional Q p -rational representations of G. There is a projective variety F over E whose C p -valued points are in bijection with the equivalence classes of cocharacters (from the fixed conjugacy class). Namely let V in Rep Qp G be any faithful representation of G. With a cocharacter µ defined over a field K one associates the filtration F il i µ V K := j≥i V K,j of V K := V ⊗ Qp K given by the weight spaces
This defines a closed embedding of F into a partial flag variety of V
where the points of Flag(V ) with value in a Q p -algebra R are the filtrations F i of V ⊗ Qp R by R-submodules which are direct summands such that rk R gr i F • is the multiplicity of the weight i of the conjugacy class {µ} on V .
A pair (µ, b) with a cocharacter µ :
is weakly admissible. In fact this then holds for any V in Rep Qp G; see [28, 1.18] . If (µ, b) is weakly admissible and K/K 0 is finite then the filtered isocrystal I(V ) is admissible, that is it arises from a crystalline Galois-representation ρ :
which by the Colmez-Fontaine theorem [12] is an equivalence of categories from crystalline representations of Gal(K alg /K) to weakly admissible filtered isocrystals over K. The assignment
defines a fiber functor on Rep Qp G. LetȆ = EK 0 be the completion of the maximal unramified extension of E. In what follows we consider cocharacters µ defined over finite extensions K ofȆ. LetF rig be the rigid analytic space overȆ associated with the varietyF = F ⊗ EȆ . Rapoport 
(In fact sv is the s-fold multiple of the slope cocharacter v; see [28, 1.7] .) If b is decent with integer s then (F wa b ) rig has a natural structure of rigid analytic subspace of ( For any point µ ∈ (F wa b ) rig (K) with K/Ȇ finite, the fiber functor which associates with a representation in Rep Qp G the fiber at µ of the corresponding local system is isomorphic to the fiber functor (1.3) .
(
The notion of local systems of Q p -vector spaces on rigid analytic spaces was studied by de Jong [22, 4] who pointed out that this is best done working with Berkovich'sȆ-analytic spaces rather than rigid analytic spaces. So letF an be theȆ-analytic space associated with the varietyF. See Appendix A for the notion ofȆ-analytic space and the relation with rigid analytic spaces. 
which assigns to a local system V the πé t 1 (X,x)-representation Vx. It is an equivalence if X is connected.
Here Rep Qp πé t 1 (X,x) is the category of continuous Q p -linear representations of thé etale fundamental group πé t 1 (X,x) of X which was defined by de Jong [22] .
Fontaine's Rings
We recall from Colmez [11] some of the rings used in p-adic Hodge theory. Let O K be a complete valuation ring of rank one which is an extension of Z p and let K be its fraction field. Let v p be the valuation on O K which we assume to be normalized so that v p (p) = 1. In p-adic Hodge theory it is usually assumed that O K is discretely valued with perfect residue field. However, in Section 4 we need the more general situation introduced here. Let C be the completion of an algebraic closure K alg of K and let O C be the valuation ring of C. For n ∈ N let ε (n) be a primitive p n -th root of unity chosen in such a way that (ε (n+1) ) p = ε (n) for all n. We define
Fix the elements ε := (1, ε (1) , ε (2) , . . .) and π := ε − 1 of E+. With the multiplication
, and the 
By Witt vector functoriality there is the Frobenius lift
extend by continuity to B I (C) and for any x ∈ B I (C) the sum Note that the ring B † rig (C) is denoted Γ alg an,con by Kedlaya [24] . There is a homomorphism θ :
which extends by continuity to B ]0,1] (C). The series
generates ker θ. Let 
ϕ-Modules
Let K and C be as in the previous section. To shorten notation we will drop the denotation (C) from the rings introduced there. We recall some definitions and facts from Kedlaya [24] . Let a be a positive integer. 
rig e i equipped with
. ([24, Lemmas 4.1.2 and 3.2.4]) The
rig we define the set of ϕ a -invariants as
It is a vector space over H
Proof. One easily verifies that the series on the right converges (even in B ]0,r] for all r > 0) and is a ϕ a -invariant of M(−c, 1).
There is an r > 0 with x ∈ B ]0,r] . Let
and so we must have v E (x j ) > 0 for all j.
For ϕ a -modules over B † rig Kedlaya proved the following structure theorem. , 1) we define the degree and the weight of M as deg M := c and wt
Let us end this section with a remark on radii of convergence. 
be an isomorphism. We say that a ϕ a -module (M, ϕ M ) over B † rig is represented by the pair 
. Continuing in this way we see that in fact
Constructing ϕ-Modules from Filtered Isocrystals
In the situation where the Hodge-Tate weights are 0 and 1 we will associate with any analytic point µ ∈F an a ϕ-module M µ over B † rig (C) where C is the completion of an algebraic closure of H(µ). In case H(µ)/Ȇ finite this construction parallels Berger's construction [4, II] that works for arbitrary Hodge-Tate weights and even produces an "H(µ)-rational" version of M µ . We begin with the following 
. 
Proof. By the Dieudonné-Manin classification [26] there exists an
The theorem is thus a consequence of the following lemma. 
Proof. Clearly the equality holds for
We claim that it suffices to prove the inequality
where we abbreviate W :
To prove the inequality (4.1) we argue by induction on dim C W . Let dim C W = 1.
Let now dim C W > 1 and choose a C-subspace W ′ of dimension 1 of W . By Proposition 4.1 there is a unique B †
If K/K 0 is finite one can check that M(D) equals the ϕ-module over B † rig constructed by Berger [4, II] . One of Berger's main theorems is the following criterion. 
Conversely assume that for some integer e ≥ (dim D)− 1 there exists a non-zero element 
The Minuscule Case
We retain the notation from Section 1. In particular G is a reductive group and {µ} is a conjugacy class of cocharacters of G. We make the following assumption on the pair (G, {µ}):
such that all the weights of {µ} on V are 0 or −1.
If moreover G possesses no proper normal subgroup defined over Q p containing the image of {µ}, Serre [30, Lemma 3.2.5] has shown that for every simple factor of G there is an element µ in {µ} which is a minuscule coweight of that factor. Moreover any simple factor of G is of type A, B, C or D. Conversely if G is simple and of type A, B, C or D and µ is a minuscule coweight of G then condition (5.1) is satisfied. Namely one can take V to be the contragredient of the standard representation (A), the spin representation (B), the standard representation (C), or respectively the standard representation or a half-spin representation (D).
Assume now that (G, {µ}) satisfies condition (5.1) and let G ′ = GL(V ). Then G is a closed subgroup of G ′ . This defines a closed embedding F ֒→ F ′ := Flag(V ) into the flag variety from (1.2). Here Flag(V ) is actually a Grassmannian. Let b ∈ G(K 0 ) and view it as an element of G ′ (K 0 ). We obtain a closed embedding ofȆ-analytic period spacesF wa b ֒→F ′ b wa . We denote byF an theȆ-analytic space associated with F ⊗ EȆ ; see Appendix A.
Let µ ∈F an be an analytic point. Let K = H(µ) and let C be the completion of an algebraic closure of K. Let Proof. Let µ ∈F a b be an analytic point and set So it suffices to prove the theorem for G ′ instead of G. Since G ′ is connected we may assume by [25] that b is decent, say with integer s. We let F ′ 
Here
Es ) e with radii (|η|, . . . , |η|). We will construct in (c) below a constant η ∈ E s and a compact subset Z of D(η) de with the following property: If C is an algebraically closed complete extension of E s and x ∈ H 
is a C valued point of Z and Z consists precisely of those points. Now let G ′ s an be the E s -analytic space associated with the group scheme G ′ ⊗ Qp E s and consider the morphism of E s -analytic spaces 
Es ) e . Furthermore consider the projection map
onto the first factor and the canonical map γ : 
Then the sets
ij for all n ≥ 0 and
are compact by Tychonoff's theorem. For an arbitrary algebraically closed extension C of E s consider a C-valued point u of U given by
with u (n) ij ∈ C and a i ∈ W (F p e ). We assign to u the C-valued point y of A de Es with (h m )
where x is the element of H and a i . In concrete terms this means is open in U . Since |u (0) ij | u ≤ |p| there is a constant η ∈ E s such that |h im | α(u) ≤ |η| for all i and m and all u ∈ U . Write f = n b n h n where b n ∈ E s for every multi index n ∈ N de 0 . If we set h im = h ′ im + h ′′ im we obtain from the Taylor expansion of f in powers of h ′′ a bound δ such that the condition |h ′′ im | y ≤ δ for all i, m implies |f (h)| y ∈ I and |h| y ≤ |η| ⇐⇒ |f (h ′ )| y ∈ I and |h ′ | y ≤ |η| .
Now we fix a positive integer r and set for all m = 0, . . . , e − 1
Since |u (n) ij | u < 1 for any n, i, j and for any point u ∈ U we can find a large enough integer r such that |h ′′ im | α(u) ≤ δ for all i, m and for all u ∈ U . This shows that
To prove that W ′ is open in U observe that the map
is a morphism of E s -analytic spaces, and in particular continuous. Furthermore, the projection maps α ij : U ij → U (er) ij and the inclusion
for i = k + 1, . . . , ℓ are continuous. Since
is open in U and this proves that α is continuous.
Now multiplying (h im ) i,m with p amounts to replacing u i,c i −1 ) p e , and a i by pa i . Thus we may take
for all i and j .
Then Z is the continuous image of a compact set and satisfies the property required in (b). This proves the theorem.
We give an example showing that the inclusion 
The element b is decent with integer s = 5. We take
Since the isocrystal (V K 0 , b·ϕ) is simple every cocharacter in {µ} is weakly admissible, that is F wa b = F an s . Let µ ∈ F an s and let C be the completion of an algebraic closure of H(µ). The ϕ-module
) constructed from b and µ satisfies deg M = 0 and
where 
One easily checks that Hom
Thus the points µ ∈ F an s for which the columns of θ(A) span F il 0 µ V H(µ) do not belong to X is a p-divisible group over S and ρ is a quasi-isogeny overS is representable by a formal scheme M locally formally of finite type over Spf W by [28, Theorem 2.16 ]. Rapoport and Zink also study formal moduli schemes corresponding to additional data on (X, ρ) of type EL and PEL. Their period morphisms are derived from the following prototype. Let (X, ρ : X M → X M ) be the universal p-divisible group with quasi-isogeny over M. Let D(X) M be the Lie algebra of the universal vector extension of X over M (see Messing [27] ) and let M an be the K 0 -analytic space associated with M; see Theorem A.2. The quasi-isogeny ρ induces an isomorphism
see [28, Proposition 5.15] . The kernel of the morphism
defines an M an -valued point of the GrassmannianF an . This is the desired period morphism π : M an →F an . It factors throughF wa b .
Proposition 6.1. The period morphism factors throughF a b .
Proof. Let x ∈ M an be an analytic point and let µ = π(x) ∈F an . Let K = H(x) and let C be the completion of an algebraic closure of K. Let X x be the fiber of the universal p-divisible group X at x and consider the Tate module T p X x of X x . An element λ ∈ T p X x corresponds to a morphism of p-divisible groups λ :
By functoriality of the universal vector extension this yields the following diagram of C-vector 
Here the isomorphism on the right arises from the quasi-isogeny ρ x by the same reasoning as in [ 
It gives rise to a monomorphism 
. This proves the proposition.
The problem to determine the image of the period morphism π was first mentioned by Grothendieck [19] . We conjecture that this image isF a b , see below.
Conjectures
Inspired by the analogous theory in equal characteristic (see Hartl [21] ) we expect the following to be true. The relation between strictly L-analytic spaces, rigid analytic spaces, and formal schemes is as follows. To every strictly L-analytic space X which is Hausdorff one can associate a quasi-separated rigid analytic space X rig := { x ∈ X : H(x) is a finite extension of L }, This applies in particular if X = Y an for a separated scheme Y of finite type over L.
